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1. Introduction 

Deformed (or exotic) cohomologies were introduced in works of S.P. Novikov, [l2lH3lH^ . 
as a tool in an analogue of the Morse theory for smooth multi-valued functions. Then 
they were applied to different problems of symplectic geometry and algebraic topology, 
[H El EH EHl ES]. The objective of the present paper is to establish a relation between 
the deformed cohomologies of symmetry pseudo-groups of partial differential equations 
and their coverings. 

Coverings (or Wahlquist-Estabrook prolongation structures, IS2I , or zero-curva¬ 
ture representations, [55], or integrable extensions, |1], etc.) are of great importan¬ 
ce in geometry of PDEs. The theory of coverings is a natural framework for dealing 
with nonlocal symmetries and nonlocal conservation laws, inverse scattering construc¬ 
tions for soliton equations, Backlund transformations, recursion operators, and defor¬ 
mations of nonlinear PDEs, [Ml EH EH]. A number of techniques has been devised to 
handle the problem of recognizing whether a given differential equation has a covering, 
[521 03 EH EDI EH [HI EHl EH EH EH EH EH- [22]) examples of coverings of PDEs 
with three independent variables were found by means of Elie Cartan’s method of 
equivalence, [H IH 0 [12l EH EH- This idea was developed in [32l EH EH- PH 
we propose an approach to the covering problem based on the technique of contact in¬ 
tegrable extensions (ciEs) of the structure equations of the symmetry pseudo-groups, 
which is a generalization of the dehnition of integrable extension from [H §6] for the case 
of more than two independent variables. Then in [HH EH EH EH] the method of ClEs 
was applied to Ending of coverings, Backlund transformations and recursion operators 
for a number of PDEs. 
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From the definition of deformed cohomology it follows that each non-trivial defor¬ 
med 2-cocycle of the symmetry pseudo-group of a pde provides an integrable extension 
of this pseudo-group. Then a covering for the pde may be obtained via integration of 
the extension equation in accordance with Cartan’s theorem. 

In this paper we consider two equations: the potential Khokhlov-Zabolotskaya 
equation (or Lin-Reissner-Tsien equation), [23l 153] . 

^yy ^tx T ^xxi (1) 

and the Boyer-Finley equation, [3], 

Utx = e'^^Uyy. ( 2 ) 

We show that symmetry pseudo-groups of both equations have non-trivial deformed 
second cohomologies. The integrable extensions that correspond to cocycles from these 
cohomology groups define known coverings of equations ([T]) and ([2]). 


2. Preliminaries 


2.1. Coverings of DDEs 


All considerations in this paper are local. The presentation in this subsection closely 
follows to [IHl |20]. Let tt: M” x —)■ n: {x^,... , m™) (x^,..., x”) be 

a trivial bundle, and J°°{n) be the bundle of its jets of the infinite order. The local 
coordinates on J°°(7r) are {x\u^,uf), where / = (zi,...,i„) is a multi-index, and for 
every local section /: —)■ R” x R™' of tt the corresponding infinite jet joo{f) is a 


d#Ifo 


Qii+...+in ja 


We 


section ioo(/):R"' —t J°°M such that 'U?(joo(/)) = r. r /oin- 

(dx^y^ ... (dx^y- 

put m" = Also, in the case of n = 3, m = 1 we denote x^ = f, x^ = x, x^ = y, 

and u^ijk) — Ut...tx...xy...y with i times f, j times x, and k times y. 

The vector fields 

d V- A . d 


JD — 


dx^ 




E 


u, 


k e {1,... ,n}, 


I+lk > 

#/>0a=l ^ 

(A,..., 4, • • • An) + Ifc = (A, • • • ,4 + 1) • • • An), are called total derivatives. They 
commute everywhere on J°°{7r): [D^i,D^i] = 0. 


A system of pdes uf) = 0, #/ < s, r G {1,. .., i?}, of the order s > 1 with 
R> 1 defines the submanifold £ = {{x\uf) G \ DK{Fr{x\uf)) = 0, #Ar > 0} 

in 


Denote W = R°° with coordinates s G M U {0}. Locally, an (infinite-dimensio¬ 
nal) differential covering of £ is a trivial bundle r: J°°{7r) x W ^ J°°{7r) equipped with 
the extended total derivatives 

°° . d 

D^k = D^k + Y^ Tf{x\ uf, w^) 

s=0 


( 3 ) 
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such that [D^i,D^j] = 0 for all i ^ j whenever G £. We dehne the partial 

derivatives of tc® by = D^k{w^). This yields the system of covering equations 

= Tf{x\uf,w^). 

This over-determined system of pdes is compatible whenever G £. 

Dually the covering with extended total derivatives (I3l) is dehned by the integrable 
ideal of the Wahlquist-Estabrook forms 

dw^ — Tf{x\ uf, w^) dx^. 

2.2. Cartan’s structure theory of Lie pseudo-groups 

Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism 
<h; 'll —)■ If of two open subsets of M. A pseudo-group 0 on M is a collection of local dif- 
feomorphisms of M, which is closed under composition whenever the latter is dehned, 
contains an identity and is closed under inversion. A Lie pseudo-group is a pseudo¬ 
group whose diffeomorphisms are local analytic solutions of an involutive system of 
partial differential equations called defining system. 

Elie Cartan’s approach to Lie pseudo-groups is based on a possibility to characterize 
transformations from a pseudo-group in terms of a set of invariant differential 1 -forms 
called Maurer-Cartan (mc) forms. In a general case, MC forms ... , w™' of an 
inhnite-dimensional Lie pseudo-group 0 are dehned on a direct product M x M x G, 
where M is the coordinate space of parameters of prolongation, [l5l Ch. 12], G is a 
hnite-dimensional Lie group, and m = dim M -\- dim M. The forms ca* are independent 
and include diherentials of coordinates on M x M only, while their coefficients depend 
also on coordinates of G. These forms characterize the pseudo-group 0 in the following 
sense: a local diheomorphism IX —)■ 11 on M belongs to 0 whenever there exists a local 
diheomorphism T;W—)-WonM x M x G such that n o T = d) o n for the projection 
v: M X M X G ^ M and the forms are invariant w.r.t. T, that is, 

=a;*|w. (4) 

Expressions for da;* in terms of give Cartan’s structure equations of 0: 

da;* = AT TT^ A o;^' + X B% A a;^ B], = -B%. (5) 

The forms tt'^, 7 G {1,dim G}, are linear combinations of MC forms of the Lie group 
G and the forms a;*. The coefficients AT and Bjj^ are either constants or functions 
of a set of invariants f/**: M —)■ M, k G {1, I < dim M, of the pseudo-group 0, 
so <h* {U^\u) = for every d) G 0. In the latter case, the diherentials of 17** are 
invariant 1 -forms, so they are linear combinations of the forms 

dU^ = C^uf (6) 

where the coefficients Gf depend on the invariants U^, ..., only. 

Equations ([5]) must be compatible in the following sense: we have 

d(da;') = 0 = d (AT A ca^) , 


(7) 
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therefore there must exist expressions 

= Wf. A A 71^ + Y^- vr^ A + Z],^ A (8) 

with some additional 1 -forms such that the right-hand side of ([7]) is identically equal 
to zero after substituting for (I5l), ([ 6 ]), and (IH])- Also, from ([ 6 ]) it follows that the right- 
hand side of the equation 

d{dU^) = 0 = d{C^ oj^) (9) 

must be identically equal to zero after substituting for ([5]) and (E]). 

The forms are not invariant w.r.t. the pseudo-group 0. Respectively, the 
structure equations ([5]) are not changing when replacing tt'*' i—)■ tt'*' -|- zj for certain 
parametric coefficients zj. The dimension of the linear space of these coefficients 
satishes the following inequality 

n—1 

< n dim G — — k) Sk, (10) 

k=l 

where the reduced characters Sk are dehned by the formulas 
Si = max rank Ai(mi), 

miSIR" 

k-l 

Sk = max rank Afcfui,..., Mfc) — > s,-, 

i=i 

n—1 

Sn = dim G — Sj , 
j=i 

with the matrices Ak inductively dehned by 

Ai(ni) = {AYu{) , Afui, ^ 

see [HI §5], [IHl Def. 11.4] for the full discussion. The system of forms is involutive 
when both sides of flTOl) are equal, [HI § 6 ], jlHl Def. 11.7]. 

Cartan’s fundamental theorems, [HI §§16, 22-24], [7[, [HU §§16, 19, 20 , 25,26], [IHl 
§§14.1-14.3], state that for a Lie pseudo-group there exists a set of MC forms whose 
structure equations satisfy the compatibility and involutivity conditions; conversely, if 
equations ([HI), ([ 6 ]) meet the compatibility conditions dTj), ((9]) and the involutivity con¬ 
dition, then there exists a collection of 1 -forms ... , a;’" and functions U^, ... , U’' 
which satisfy ([H]) and (Ej). Equations (0]) then dehne local diffeomorphisms from a Lie 
pseudo-group. 

Example 1. Suppose £ is a second-order differential equation in one dependent and n 
independent variables. We consider £ as a submanifold in J^( 7 r) with tt: M” x R —)■ R”. 
Let Cont(£) be the group of contact symmetries for £. It consists of all the contact 
transformations on J^( 7 r) mapping £ to itself. The MC forms of Cont(£) can be 
computed from the MC forms of the pseudo-group all the contact transformations on 
J^( 7 r) algorithmically by means of Cartan’s method of equivalence, [HlEllTlilllilHlIlH], 
see details and examples in [HI EHl 1 ^ . 


k e {l,...,n- 1}, 


/e{2,...n-l}. 
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Let g be a Lie algebra over M and p; g —)■ End(lL) be its representation. Let 
V) = Honi(A^(g), V), k > l,he the space of all /c-linear skew-symmetric mappings 
from g to V. Then a differential complex 

\/ = ^“(g, V) ^C\g,V) ^ ...^ C\g, V) C^^\g, V) ^ ... 

is dehned by the formula 

k+l 

de{x^, x,+i) = ^(-i)«+V(^«) (^(^1, ^fc+i)) 

q=l 

Xq, .. 

l<p<q<k+l 

Cohomologies of the complex {C*{g,V),d) are referred to as cohomologies of the Lie 
algebra g with coefficents in the representation p. For the trivial representation po:g—t 
M, Pq: X I—)■ 0, cohomologies of the corresponding complex are called cohomologies with 
trivial coeffieents and denoted by H*{g). 

Consider a Lie algebra g over M with non-trivial first cohomology group H^{g) and 
take a closed 1-form u on g. Then for any A G M dehne new deformed differential 
d\io- C^(g,M) ^ C^+^(g,M) by the formula 

d\uj0 — do X u /\ 9. 

From da; = 0 it follows that 

<iL = 0. (11) 

Cohomologies of the complex 

C'^(g,M) ^ ^ <^^(0,^) ^ C'^+^(g,R) ^ ... 

are referred to as deformed (or exotie) cohomologies of g and denoted by Hl^{g). 

Remark 1. Cohomologies iL^^(g) coincide with cohomologies of g with coefficients in 
the one-dimensional representation pAa;:g —t R, pxuj-X i—)■ Aa;(X). In particular, when 
A = 0, cohomologies Hl^{g) coincide with H*{g). 

Remark 2. In general, dxu){a A /3) jO d\i^{a) A /3 -I- (—A d\^{f3). 

EXAMPLE 2. Consider the system 

dpi = 0, = -6^ A dO^ = 0^ A d^ dd^ = 2 d^ A d^ dO^ = 0^ A 0^ 

for 1-forms d^, ... , d^. This system is compatible, that is, applying d to both sides 
of its equations and then substituting for the equations themselves into the right-hand 
sides gives identities 0 = 0. Therefore the system dehnes Lie algebra i) of vectors Xi, 
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... , such that 0^{Xj) = Sf The forms 0* are Maurer-Cartan forms of (). Evidently, 
= M [0^] = R6'^. Then direct computations give: 


HlAlj) 


{0} 

for 

^ {“3, 

M [03 A 0^] 

for 

A = -3, 

M [03 A 0^] 

for 

A = -2, 

M [03 A 03] © M [02 A 03] © R [03 A 03] 

for 

A = -l, 

R [03 A 02] © R [02 A 03] 

for 

A = 1. 


3. Symmetry pseudo-groups of the potential Khoklov-Zabolotskaya and the 
Boyer-Finley equations 

Using the procedures of Elie Cartan’s method of equivalence we hud the Maurer-Cartan 
forms and their structure equations for the symmetry pseudo-groups of equations (IT!) 
and ([2|), see notation in [31] . 


3 . 1 . Potential Khoklov-Zabolotskaya equation 

The structure equations for the symmetry pseudo-group of equation ([T]) read 
dOo = 771 A 00 + A 01 + A 02 + A 03, 

001 = (??i - 772) A 01 - 2 773 A 03 - 00 A -h CT22) + A an + A cti2 + A (T13, 

002 = |(?7l - 02) A 02 A (Ti2 + a (T22 + A (723, 

003 = I (01 - 02) A 3 03 - 773 A 02 A fJis -F A 7723 + A f7i2, 

0^^ = 02 A 

0^^ = 1(01+ 02) A + 773 A - 02 A 
df = i( 0 i + 3772) A^^ + 2773 A^\ 

00-11 = (771 - 2 772) A C 7 ii - 4 773 A cri 3 - (774 - 62) A Oq + ge A + rjT A + gs ^ 

— 5 01 A + 0-22) +02 A (Ti2 — 2 03 a (723, 

00-12 = 1(01 - 3 772) A (712 - 2 773 A 0-23 + 04 A + 775 A + 776 A - 2 02 A (^^ + (722), 

dais = |(3 771 - 7772) A 3 c7i 3 - 3 773 A ai2 + 05 A ^^ + 770 A + 777 A - 3 03 A + (722), 

00-22 = 04 A - I 01 A - I 02 A (3 + 2 (722) “ 03 A 

00-23 = 1(01 - 5 02) A (723 - 03 A + (722) + (04 “ 02) A + 05 A 

001 = A + CT22), 

002 = -3^^ A (^^ + (722), 

003 = i (01 - 02) A 03 + (723 A A + (722), 
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dr ]4 — ?79 A i (?72 A ( 3^2 ~ 4774) + 771 A 62) + A a22 + A (T23, 

dr]5 = ??9 A + 7710 A i (771 - 9 772) A 775 - 3 773 A (774 - 6*2) + ai2 A 

+3 a 23 A + ( 722 ), 

dr]& = ?79 A + 7710 A + 7711 A + 4 (771 - 5 772) A 770 - 4 773 A 775 + au A ( 7 + 6 <722), 
dVi = rjw A + 7711 A + 7712 A + 4 (3 771 - 11772) A 777 - 5 773 A 770 + 3 774 A 63 

— (775 — 3 6*3) A 02 + 3 (7i2 A (723 + 9 (7i3 A ((^^ + ( 722 ), 

dr]8 = (771 - 3 772) A 778 + 6 (774 A 01 - 773 A 777 + ai3 A 7723) + 2 775 A 03 - 2 (770 - 3 0 i) A 02 
~ (09 + ^’’12) A 00 + 011 A + 7712 A + 7713 A + 12 CTii A + (722)- (12) 

We have the following Maurer-Cartan forms 

e = -. 


e = a 


u 


— ?/ 7 / 

'xxy ^xxx 

'Uj-y'-T'-y' 


dt “h y^xxxdx “1“ ^xxydy^ , 


e = 2^dt + nlildy, 

^XXX 

02 = Uxxx {dUx — Utx dt — Uxx dx — Uxy dy), 


03 a {uxxx {duy 


Uty dt Uxy dx i^u^x ~h Ux Uxx) dy) 


01 

02 


g da ^ 2 duxxx 

^ ^XXX 


^xxy i^dtix '^tx dt Uxx dx Uxy 
Uxx dt^ 


da 


3 Uxx dt. 


Vs = ^ 


du. 


xxy 


1/2 

Uxxx 


Uxxy du^ 

3/2 

Uxxx 


+ 


[U, 


cUxxy “t“ UxyU^ 


dt 


1/2 

Uxxx 


+ UxxuJ^^ dy 


(13) 


where a 7 ^ 0 is a parameter. We do not need explicit expressions for the other MC forms 
of this pseudo-group in what follows. 
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3 . 2 . The Boyer-Finley equation 

For the symmetry pseudo-group of equation ([2]) we have the following structure equati¬ 
ons 

dOo = 00 A (03 - ^33) + A 01 + ^ 02 + A 03, 

001 = 771 A 01 A CTII A 0-33 A ai3, 

002 = 02 A (r/i +63 + A £733 A (722 + A (723, 

dOs = A C7i3 A £723 + (03 + <733) A 

= ((733 - 03 - Vl) A 
d^'^ = (01 +<733 + A^^ 

d^^ = ((733 - 03) A^^ 

dan = (2 771 -F 03 - £733) A £7ii + 02 A -F 773 A - £713 A 0i A (^^ £713), 

0(713 = (01 + 03 - £733) A (713 + 02 A (03 2 £733 - ^^) A 

0(722 = (722 A (2 771 -h 03 + 2 -h (Tss) + 04 A 775 A 02 A (^^ <723) “ (723 A 

0(723 = (723 A (771 £733) + 04 A (03 2 £733 - ^^) A 

<^(733 = A £7i3 + a £723 + A ((733 — 03), 

£^01 = (£713 +^^) A 

002 = 06 A 2 (771 -F 03 - £733) A 772, 

dvs = 06 A + 07 A (^^ -|- (3 771 -|- 2 (03 — £733)) A 773 — 772 A (0i -|- ^^) — 3 £7ii A ((^^ + <713), 

004 = 08 A - 2 (771 -F -F £733) A 774, 

005 = 08 A -F 779 A - (3 771 -h 03 + 3 -F 2 £733) A 775 - 774 A (02 + ^^) 

- 3 (722 A (^^ £723). ( 14 ) 

In what follows we need explicit expressions for the following MC forms only: 
u 

01 = —^ {dUx — e^^Uyy dt — Uxx dx — Uxy dy), 

03 = duy — Uty dt — Uxy dx — Uyy dy, 

= adt, 


= Uyy dy, 
dUyy 

<733 —-T t/3, 

Uyy 

da Uty n 

01 =-1- C + <733 — 03- 

a a 


( 15 ) 
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4. Deformed cohomologies and coverings 

Now we consider infinite-dimensional Lie algebras gi and Q 2 defined by normal prolon¬ 
gations, |5l [H EH 09] , of systems flT^ and (HI, respectively, and stndy their second 
deformed cohomologies. In both cases they appear to be non-zero. Non-trivial 2- 
cocycles define integrable extensions, HI ED, of (IT^ and (IT^ . Solntions to the integrable 
extensions coincide with the Wahlqnist-Estabrook forms of known coverings of eqnations 
dlj) and (I2|). 

4 . 1 . The potential Khoklov-Zabolotskaya equation 
It is simple to show that is generated by 1-form 

C = 3771 -h r/ 2 - 

Denote by / the exterior ideal generated by 1-forms 6*j, 0 < i < 3, 1 < j < 3, cth, 

<^ 12 , cns, <722, (723, ? 7 fc, 1 < ^ < 8, that is, the left hand sides of eqnations flT^ contain 
differentials of the generators of I. Then direct compntations show that 

dim n/) = I x =-I 

^ 4 , 

and 

H\Mni = R[n], 

4 ^ 

where 

^ = iivi-v2-^v3)/\{e+e+e)+02Aie+e)+0sAe- 

We have a conjecture that 

dim//^^(0i) = I y = _!’ 

From flTTl) it follows that equation 
du — jfAu = fl 

is compatible with system (Ha, that is, defines an integrable extension, 0 EH, of 
dni). Therefore Lie’s third inverse fundamental theorem in Cartan’s form, 
ensures existence of a solution u ^ I to the equation 

du = 772 ) A u)+ 

i(171 (C + ?" + e) + 92 A («‘ + 5 ’) + 93 A 

Since forms flT^ are known, we can find u explicitly: 

= a^ ulil {dq - {I ql- qx - Uy) dt -qxdx- ql - Ux) dy) . 
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In this expression g is a new variable (an “integration constant”), while the new 

parameter can be expressed in terms of the free parameter a of the MC forms of 

the symmetry psendo-group from the relation 

1/2 

"^XXX 

a =-. 

"^xxx Qx "^xxy 

The condition a; = 0 gives the covering system 

{ <?* = \ql-U:^qx-Uy, 

% = 

for equation ([T]). This covering was found in [22] and then in [211ITB] . 
f.2. The Boyer-Finley equation 

For the symmetry pseudo-group of the Boyer-Finley equation we have H^{q 2 ) = 
with 


C — ^33 — ^3 

and 

dim n/) = I “• 

where / is the exterior ideal generated by 0 < i < 3, 1 < i < 3, cth, cxia, (T 22 , < 723 , 

cr 33 , 1 < ^ < 5, while 

/f!^(g2) = M [Ill] © M [^ 2 ] 

with 

= hi A (e' + - (01 + a e' + (03 + e") a 

and 

^2 = (<^33 ~ 03 ) A . 

We have a conjecture that 

The integrable extension which corresponds to fli 

duj = (0-33 - 03) A a; + 7/1 A (^^ + + ff^) - ( 0 i + A + (03 + A 

has the following solution 

oj = Uyy {dq — {ut + dt + dx — qy dy) 
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with the relation a = Uyy between the free parameter a and the new parameter q^. 
The corresponding covering 



was fonnd independently in [HU HHl El] • 

The solution to equation du = ((733 — 63 ) A u -\- Q 2 reads oj = Uyy {dq + InUyy dy) 
and is not interesting. 

5. Conclusion 

We have shown that for some pdes their coverings arise quite naturally from the second 
deformed cohomologies of their symmetry pseudo-groups. It would be interesting to 
hnd out whether coverings of other PDEs can be derived using this construction. The 
further research will include clarification of relations between this technique and the 
other approaches to hnding differential coverings. This also leads to the question of 
other applications of deformed cohomologies of inhnite-dimensional Lie algebras as well 
as to the problem of improving the methods of their study. 
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